Geometrical wake of a smooth taper by Stupakov, G V
Particle Accelerators, 1996, Vol. 56, pp. 83-97
Reprints available directly from the publisher
Photocopying permitted by license only
© 1996 OPA (Overseas Publishers Association)
Amsterdam B.Y. Published in The Netherlands under
license by Gordon and Breach Science Publishers
Printed in Malaysia
GEOMETRICAL WAKE OF
A SMOOTH TAPER
G.V. STUPAKOV
Stanford Linear Accelerator Center, Stanford University,
P.O. Box 4349, Stanford, CA 94309
(Received 20 December 1995; infinalform 5 June 1996)
A transverse geometrical wake generated by a beam passing through a smooth taper is considered.
Comparison of the existing theories for the impedance of smooth structures is performed to show
that they agree in the frequency range determined by the dimensions of the transition region.
A simple approach is developed for the calculation of the kick factor, which reduces finding of
the kick factor to the solution of simple electrostatic and magnetostatic problems. Using results
for the real part of the impedance of the taper, it is shown that the existing theory allows to
accurately estimate the kick factor for the NLC Post-Linac collimator.
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1 INTRODUCTION
Scrapers or collimators are often used in circular and linear colliders to
eliminate halo particles from the beam. If the opening of the collimator is
small, the wakefield excited by the collimator can perturb the beam motion
and increase its emittance. There are two different physical mechanisms that
produce the wakes. Firstly, for a perfectly conducting wall, an incomplete
cancellation between electric and magnetic forces acting on the beam from the
image charges generates a so called geometric wake.! Secondly, a finite wall
conductivity adds a resistive wake to the geometric one.2 In many situations,
the two wakes can be computed independently and scale differently with the
dimensions of the collimator.
To relax the wakefield effects one can try to taper the transition of the beam
pipe to the collimator, and to chose the length of the taper such as to minimize
the wake generated by the transition. To perform such an optimization one
has to be able to compute the geometrical wake for a long, smooth structure.
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Unfortunately, the existing codes such as ABCI and MAFIA experience
problems when computing smoothly tapered transitions.
Several attempts have been made to evaluate the geometric wake of a
pipe with a slowly varying radius using analytical approaches based on the
smallness of the angle between the pipe wall and the axis. Cooper, Krinsky
and Morton developed a theory3 of the impedance for a periodic structure
with a small but arbitrary variation ~b of the pipe radius b. Using a different
method, Warnock generalized their result for nonperiodic tapers.4 The results
of 3,4 assume a small ratio ~b /b and cannot be applied to the scrapers, in
which ~b / b has to be large. The case of arbitrary ~b / b has been studied
by Yokoya5 who found purely imaginary impedance and a 8-function wake.
A comparison of Refs. 4 and 5 for shallow collimators shows an apparent
disagreement between the two papers, since Ref. 5 predicts Re Z = 0
in contrast to nonvanishing Re Z of Ref. 4. We address this issue in
Section 2 and show that this disagreement is due to the overestimation of
the applicability range of the theory of Ref. 5. In Section 3, a formula for
the transverse kick factor is derived that includes contributions of both real
and imaginary parts of the impedance. Using this formula we show that in
the cases when the losses due to the wake are negligibly small, the kick
factor is given by the value of the imaginary part of the impedance at the zero
frequency. This observation provides a new method ofcalculation of the wake
effect for smooth structures which is used in Section 4 to find 1m Zt (0) for an
axisymmetric pipe with a smoothly varying radius. In Section 5, we study the
transverse wake for the NLC Post-Linac collimator. Section 6 summarizes
the results of the paper.
2 COMPARISON OF REFERENCES 4 AND 5
In Ref. 5, an axisymmetric structure was considered with a slowly varying
radius b(EZ), where E is a small parameter. Expanding the Maxwell equations
in terms of E and keeping terms up to the order E2 , expressions were derived
for the longitudinal and transverse wakes and impedances caused by a
smooth transitions in a circular pipe. According to this paper, the longitudinal
impedance is given by
00
iwZo f ,2Zz (w) = -- dz (b) ,
4nc
-00
(1)
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and the transverse impedance is
iZo /00 (b')2
Zt = - 2rr dz b '
-00
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(2)
where b (z) is the pipe radius as a function of z, and Zo = 120rr Ohm and
the prime denotes the derivative with respect to z. Equation (1) assumes that
b (-00) = b (00), otherwise an additional term (Zo/2rr) In [b (00) /b (-00)]
should be added to the right-hand side. Note that the impedance given by
Equations (1) and (2) is purely imaginary. These formulae are claimed to
be valid for the frequency range such that kb » 1 and kbb' « 1, where
k = w/c. As we will show below, the validity region for these formulae is
actually somewhat different.
Another formula for the longitudinal impedance was obtained in Ref. 4
based on the perturbation theory for small variations of b (z), b (z) =
bo+~b (z). Assuming that ~b(z) = ES(Z), where thefunctions(z) is zero for
Izi > 1and has a continuous first derivative s' normalized so thatmaxls'l = 1,
and E is a formal small parameter, E « 1, the following expression for the
longitudinal impedance was obtained,
wZo ~ 1 /00 JOO , ,Zz (w) = --2 L...J -- dzdub (z)b (u)
2rrcbo s=l ks (w)
-00 -00
x exp (iks (w) Iz - ul- iw(z - u)/c), (3)
where ks (w) = [(w/c)2 - j5s/b6] 1/2 and jos is the sth root of the Bessel
function of zero order. Evidently, Equation (3) has both real and imaginary
parts. Since either result is applicable to shallow collimators with small ~b,
we compare Equations (1) and (3) for a particular example when the shape
of the collimator is given by b (z) = bo + d (1 + cos (rrzI1)) 12 for Izi < 1,
and b (z) = bo for Izi > 1 (cf. Ref. 4). For the parameters bo, d and 1 we
choose the values bo = 1 cm, d=O.03 em and 1=6 em. Figure 1 shows the
impedances given by Equations (1) and (3).
86 G.V. STUPAKOV
201510
rob/c
5
o
0.1
-0.2 '---L..-"'------"'-------'-----'-----'-...L---'---'---'---'------~___'_____'_____'________l____'_____~___'___'
o
-0.1
FIGURE 1 Comparison of longitudinal impedances Equation (1) and (3) for a shallow
collimator. 1- imaginary part of Equation (1), 2 and 3 - imaginary and real parts of Equation (3),
respectively.
The maximum value of b' in this example is equal to 7.8 x 10-3 and the
condition kbb' « 1 is well satisfied within the region of k shown in the
plot. However, as is seen from Figure 1, the two equations agree only for
relatively small values of k. Moreover, the imaginary parts of Equations (1)
and (3) approach each other when w ---* 0 where the real part ofthe impedance
becomes negligibly small. This indicates that both theories agree if we limit
Equation (1) by a more stringent requirement than kbb' « 1. Indeed, it turns
out that the upper limit of validity of equation (1) should be
(4)
rather than kbb' « 1. We prove this in Appendix A by showing that only
in this frequency range Equation (3) reduces to Equation (1). Since h' can
be estimated as /).b /1, for large variation of the radius, /).b rv b, inequality
(4) is equivalent to kbb' « 1, but for small /).b (as that corresponding to
Figure 1) the condition of Ref. 5 strongly overestimates the validity region
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of Equation (1). Furthermore, the requirement kb » 1 of Ref. 5 can also be
omitted. This will be demonstrated in section IV by deriving Equation (2) in
the limit w -+ o.
3 TRANSVERSE KICK FACTOR AND IMPEDANCE
We now proceed to the transverse impedance and a kick factor associated with
it. In application to collimators, the kick factor is usually used as a measure
of the beam emittance dilution caused by the collimation of the beam. We
define the transverse kick factor Kt (which is sometimes called a transverse
loss factor) such that an offset bunch will be deflected by the wake by an
angle
, Nre
y == -yKt,
Y
(5)
where N is the number of particles in the bunch, y is the relativistic factor, re
is the classical electron radius and y is the displacement of the bunch. For a
given transverse wake function Wt (z), the kick factor can be calculated using
Kt = f f (s) f (s/)Wt (s - Sf) dsds', (6)
where f (s) is the longitudinal distribution function of particles normalized
so that f f (s) ds == 1.
Using the following relation between the wake function and the transverse
impedance,
00
Wt(s) = 2~ f dwe-isw!cZt(w),
-00
(7)
one can express the kick factor in terms of the imaginary part of the
impedance,
00
Kt = -~ f dw If (w)121m Zt (w),
o
(8)
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where j (w) is the Fourier transform of the distribution function f (s). For
a Gaussian distribution, j (w) = exp (-a;w2 /2c2 ), where az is the rms
length of the bunch, and for the impedance (2), Equation (8) yields,
One can also relate Wt (z) to the real part of the impedance6,
00
Wt(S)=~fdwsin(:S) ReZt(w).
a
(9)
(10)
Using this equation, one can express the kick factor in terms of Re Zt :7
00
Kt = f dWF(~az) ReZt(w),
a
where, for a Gaussian distribution function of the beam,
F (x) = -~ exp (_x2) erf (ix),
(11)
(12)
and erf (ix) denotes the error function of imaginary argument. For large x,
the function F (x) asymptotically approaches n-3/ 2x-1 (1 + 2-1x-2).
Clearly, Equation (11) cannot be used if Re Zt = 0 as it is in Equation (2).
Firstly, it is important to understand that a purely imaginary impedance
does not mean that the real part of Zt vanishes identically; it only indicates
that Re Zt « 1m Zt and, for that reason, Re Zt has been neglected in
Equation (2). Secondly, Equation (2) is approximately valid only for a limited
range of frequencies, whereas integration in Equation (11) runs up to infinity.
Due to a slow roll offofthe function F (x), the integration in (11) is dominated
by so high frequencies, where Equation (2) is not valid any more. We can
improve the convergence in the integral (11) at high frequencies by the
following transformation. Let us introduce a new function G (x),
1
G(x) = F(x) - ~/2 '
n x
(13)
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FIGURE 2 Plot of functions G (x) and F (x).
which decays much faster than F (x) at large values of x, G (x) ~
2-1n-3j2x-3 . The plot ofthe functions G (x) and F (x) is shown in Figure 2.
From Equation (11) we find
00 00
Kt =f dwG (~az) Re Zt (w) + rr3;2az f d:: Re Zt (w). (14)
o 0
The function G (wO'z/c) diverges at w ~ 0, but the integrals in
Equation (14) converge because Re Zt (w) == 0 below the cutoff frequency.
The second integral in this equation can be expressed in terms ofthe imaginary
part of the impedance at the zero frequency through the Kramers-Kronig
relation,6
00
Kt == f dwG (~O'z) Re Zt (w) - 1~2 1m Zt (0) . (15)
- c 2n O'z
o
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This equation shows that if the real part of the impedance is much smaller
than the imaginary part, the kick factor is proportional to the value of the
imaginary part at the zero frequency. In many cases, calculation of 1m Zt (0)
is much easier to perform than to find Zt (w) for arbitrary frequency,
because 1m Zt (0) involves only solutions of Maxwell equations for static
(time-independent) fields. In the next section we demonstrate how to find
1m Zt (0) for a smoothly varying axisymmetric structure. Note that putting
Equation (2) into Equation (15) immediately yields the correct result (8).
Furthermore, using Equation (15) will allow us to find in Section 5 a
correction to the kick factor due to nonvanishing real part of the impedance.
4 IMAGINARY PART OF THE IMPEDANCE FOR A TUBE WITH
A SMOOTHLY VARYING RADIUS
In this section we will solve magnetostatic and electrostatic problems and find
the transverse impedance at the zero frequency for a tube with a smoothly
varying radius.
A convenient approach to calculate the transverse impedance is based on
consideration of a current I (t, z) == AC exp (-iwt + ikz), where A is the
beam charge per unit length, displaced by an infinitesimally small distance
~ away from the pipe axis (see Figure 3). In the limit of w == 0, I (t, z)
reduces to a dc current, I == AC, with the transverse impedance given by the
following formula:
00
Zt (w == 0) == __i_ f (Ex - Hy)dz,
A~C
-00
(16)
where Ex and By are the electric and magnetic fields on the axis of the pipe
due to the presence of the walls.
A displaced beam with a -charge density A is equivalent to a linear dipole
directed along x with a dipole moment dx == A~ per unit length, and a linear
magnetic moment directed along y with a dipole moment per unit length
my == -A~. Hence, we need to find electrostatic and magnetostatic fields
generated by these dipoles inside the pipe. The problem can be solved using
a perturbation theory in the small parameter h'.
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FIGURE 3 An offset beam in a pipe with a smoothly varying radius.
First, we will find the electrostatic potential 'P (r, e, z). It satisfies the
Poisson equation with the dipole sources on the right hand side,
(8' denotes the derivative of the delta function) with the boundary condition
'P == 0 at r == b (z).
In a pipe of a constant radius b, the potential of a linear dipole does not
depend on z and is equal to
To include the effect of the variation of b (z), we assume that
'P == 'PO + 'PI ,
(18)
(19)
where 'PI « 'PO and 'PO is given by Equation (18) in which b is considered as
a function of z. The first order correction 'PI can be found from the equation
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(20)
in which we neglected a2cpl / az2 in comparison with a2cpo / az2 . The solution
to this equation satisfying CPl = 0 at r = b is
(21)
with the electric field on the axis,
In Equation (22) we discarded a singular term in CPo due to the potential of
the linear dipole in the vacuum.
A similar approach can be used for the magnetic field H. We introduce
the magnetostatic potential 1/1' (r, (), z) such that H = - \71/1'. Note that a
single-valued magnetic potential does exist in our problem because a total
current in z-direction in a linear magnetic dipole equals zero. The function
1/1' satisfies the Poisson equation
with the boundary condition corresponding to the vanishing normal compo-
nent of the magnetic field at the pipe wall,
aljl = b
'
oljl .
or oz
Again, using the perturbation theory, one finds
(24)
(25)
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with the magnetic field on the axis
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Putting Equations (22) and (26) into Equation (16) and integrating by parts
using b' (±oo) = 0, yields
iZo /00.. (b l )2
Zt (w = 0) = - 2TC dz b '
-00
(27)
which is Yokoya's result (2). Thus we proved that Equation (2) does not have
a limitation from the side of low frequencies and is valid down to w = o.
5 NLC POST-LINAC COLLIMATOR
Consider an axisymmetric taper shown in Figure 4. The pipe radius gradually
changes from b to g in a conical transition region of length 1. The parameters
of the taper are chosen to be b = 0.5 cm, g = 0.1 cm and 1 = 28 cm; they
correspond to that of the NLC Post-Linac collimator.8 We will assume the
beam length O'z = 0.01 cm.
Using Yokoya's formula (2) for the kick factor (9) we find
e (1 1) -2 3Kt = ~ - - - = 6.5 cm = 0.58 x 10 V/pC/m.
yTCO'z g b
(28)
This result, however, should be checked against the applicability condition
ofYokoya's formula. Estimating the highest frequency for which Equation (2)
is valid as w = c1 / b2 , we find w = 2TC x 540 GHz, which is comparable to
the frequency c /O'z = 2TC X 500 GHz associated with the bunch length. This
raises a question of how accurate Equation (27) is.
To find a correction to Equation (27) due to the contribution of high
frequencies where Equation (2) is not accurate enough (and the real part of the
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FIGURE 5 Plot of Re Zt (w) for the collimator shown in Figure 4.
impedance is not negligible), we used Equation (15) in which the second term
reproduces the result (27) and the first term represents a contribution caused
by nonvanishing real part of the impedance. The latter has been numerically
computed for the taper of Figure 4 using the result of Ref. 9, and is shown
in Figure 5. Rapid oscillations of the impedance are due to the interference
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of the waves radiated by the beam in the transition region. For comparison,
the imaginary part of the impedance for the taper is equal to 0.7 kQ/m.
Performing integration in Equation (15) with Re Zt (w) shown in Figure 5
yields a correction ti.Kt = 0.15 cm -2 to the result of Equation (27), that is
less than 5%.
Note that the results of Section 5 for the real part of the impedance
have about the same region of validity as Equation (2) and are not accurate
enough for high frequency. However, using them in Equation (15), where the
dominant contribution comes from the second term, and the high frequency
range is suppressed by the rapid decay of the function G, allowed us to
evaluate the accuracy of Yokoya's formula for the NLC-type collimator.
6 CONCLUSION
We demonstrated that Yokoya's formula for the impedance of a smooth taper,
if used within the right applicability range, gives an accurate estimation of
the wake field and the transverse impedance. As shown in Section 4, it can
actually be derived in a much simpler fashion, if one limits the consideration
to a low frequency range. The method developed in this section can also be
generalized for other geometries, e.g., for a collimator with flat jaws.
We estimated the error due to the nonvanishing real part of the impedance
for the NLC Post-Linac collimator. The prediction of Yokoya's formula for
this collimator are correct within few percent.
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APPENDIX A: REDUCTION OF EQ. (3) TO EQ. (2)
Consider the kernel of the integral in Equation (3), exp (iks I~ I - ik~), where
~ = z - u. For positive values of ~, it is equal to exp (i (ks - k) ~), and
for negative ~, it reduces to exp (i (ks + k) ~). For large values of ~, this
function oscillates rapidly and does not contribute essentially to the integral.
Characteristic value of ~ = ~*, below which the main contribution to the
integral lies, can be estimated as follows,
* (1 1)~ ~max --,-- .
ks + k ks - k
(29)
Remembering that ks = (k2 - i5s /b5) 1/2, one finds that the maximum value
of ~ *, in the limit of large frequencies, can be estimated as
(30)
Let us denote by I a typical distance on which b (z) varies. If I » ~ *, the
product b
'
(z) b' (u) varies slowly on the scale ~* associated with the function
00 1L - exp (iks Iz - ul - ik (z - u)) ,
s=1 ks
and the latter can be substituted by a delta function A8 (z - u),
(31)
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00 1L k exp (iks Iz - ul - ik (z - u)) ---+ A8 (z - u), (32)
s=l s
where the constant A is the area under the function (31). We have
00
00 1 fOOl ib2
A = L k exp(iks I~I- ik~)d~ = - 2ib6L"""T = -T'
s=l s s=l los
-00
Now Equation (3) reduces to
00 00
iwZo f f ' ,Zz (w) = --- dzdub (z) b (u) 8 (z - u)
4nc
-00 -00
00
iwZo f ' 2
= -- dz(b (z)) ,4nc
-00
(33)
(34)
in agreement with Equation (1). The condition I » ~*, by the order of
magnitude, is equivalent to Equation (4).
